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SUPER FORMAL DABOUX-WEINSTEIN THEOREM AND
FINITE W-SUPERALGEBRAS
BIN SHU, HUSILENG XIAO
Abstract. Let v = v0¯+v1¯ be a Z2-graded (super) vector space with an even C
∗-
action and χ ∈ v∗
0¯
be a fixed point of the induced action. In this paper we prove
an equivariant Darboux-Weinstein theorem for the formal polynomial algebras
Aˆ = S[v0¯]
∧χ ⊗ ∧(v1¯). We also give a quantum version of it. Let g = g0¯ + g1¯
be a Lie superalgebra of type I and e ∈ g0¯ be a nilpotent element. We use the
equivariant quantum Darboux-Weinstein theorem to give a Poisson geometric
realization of the finite W -superalgebra U(g, e) in sense of Losev. An indirect
relation between U(g, e) and the finite W-algebra U(g0¯, e) is presented. Finally
we use such a realization to study the finite dimensional irreducible modules of
U(g, e).
1. introduction
1.1. Darboux-Weinstein theorems. In [Wei], the author proves the Darboux-
Weinstein (DW) theorem, which states that each Poisson manifold is locally the
product of a symplectic manifold and a Poisson manifold having a point where the
rank is zero. We recall the formal version of it. Let Aˆ0¯ = S[[v0¯]] be the formal
polynomial series algebra of a vector space v0¯ over the complex number field C and
{·, ·} be a continuous Poisson bracket on Aˆ0¯. The DW theorem says that there
exist an isomorphism
φ0¯ : Aˆ0¯ −→ S[[V0¯]]⊗ Bˆ0¯
of Poisson algebras. Here the Poisson product on the formal power algebra S[[V0¯]]
arises naturally from a symplectic vector space V0¯ (c.f. Example 1.2). See [Kal] for
the proof.
The DW theorem plays a fundamental role in the theory of symplectic singu-
larities (c.f.[Kal]). In the recent works of Losev on the representations of certain
quantum algebras, the quantum DW (qDW) Theorem is always a powerful tool.
Those quantum algebras arise from the formal quantization of Poisson algebras, for
instance finite W-algebras, symplectic reflection algebras and rational Cherendick
algebras. In the present paper our first task is to give a version of super equivariant
DW (seDW) Theorem and then consider its quantization.
Definition 1.1. Let A = A0¯+A1¯ be a Z2-commutative algebra over C. A Poisson
bracket {·, ·} on A is a linear map A⊗ A→ A with
(1) {·, ·} is a Lie superalgebra;
(2) {f, gh} = {f, g}h+ (−1)|f ||g|g{f, h} for all homogenous f, g, h ∈ A.
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A Poisson bracket {·, ·} is called even (resp. odd) if it is an even (resp. odd) linear
map between super vector spaces.
Example 1.2. (1) Let v be a super vector space of dimension (2n|m) equipped
with a super symplectic form ω. Then there is a standard Poisson bracket
on S[v] given by {x, y} = ω(x, y) for all x, y ∈ v.
(2) For a Lie superalgebra g, S[g] also has a standard Poisson structure given
by {x, y} = [x, y] for all x, y ∈ g.
Let v = v0¯+v1¯ be a super vector space and A be the super symmetric polynomial
algebra S[v] = S[v0¯]⊗
∧
(v1¯). For a fixed χ ∈ v∗¯0, let Mχ be the maximal ideal of
S[v] corresponding to χ i.e. the ideal generated by x − χ(x) for x ∈ v0¯ ⊕ v1¯. Let
A∧χ be the completion of A at χ. Namely A∧χ = lim←−A/AM
k
χ is the topological
algebra with the ideals AMkχ form a set of fundamental neighborhoods of 0 ∈ A∧χ .
From now on, the formal power series superalgebra A∧χ for a given χ is denoted
by Aˆ.
Suppose that there is a continuous C∗-action on Aˆ which arise from an even
linear algebraic C∗-action on v. Let χ ∈ v∗¯0 be a fixed point for the induced action.
Assume that there is an even Poisson bracket on Aˆ such that {t ·f, t · g} = tk{f, g}
for all f, g ∈ Aˆ, t ∈ C∗ and some k ∈ Z. Let V ⊂ T∗χ(Spec(A)) = v be a subspace
such that the restriction of the Poisson bi-vector Π (see (2.1) for the definition) on
V is non-degenerate. The following C∗-equivariant DW theorem is proved in §2.
Theorem 1.3 (equivariant super DW (esDW) Theorem). In the setting above, we
have following C∗-equivariant isomorphism of Poisson superalgebras
φ : S[[V ]]⊗ Bˆ −→ Aˆ.
Where Bˆ ⊂ Aˆ is a Poisson subalgebra and the restriction of φ on Bˆ is the identity
map.
We prove the theorem by constructing the isomorphism φ explicitly. In the case
of the V = v = v0¯, our proof is more direct then the one in [Kal]. In the super
setting, there is a significant difference between in the proofs of equivariant and
non-equivariant cases.
For an associative superalgebra A, denote by A[[~]] the vector space of formal
power series of variable ~ with coefficients in A.
Definition 1.4. Let A be Poisson superalgebra, a formal quantization of A is a
pair (A[[~]], ∗), where the star product ∗ : A[[~]]⊗C[[~]] A[[~]] −→ A[[~]] satisfies
(i) ∗ is associative;
(ii) for all Z2-homogenous f, g ∈ A,
f ∗ g − fg ∈ A[[~]]~2 1 and f ∗ g − (−1)|f ||g|g ∗ f − {f, g}~2 ∈ A[[~]]~3.
1Usually ~2 is replaced by ~, here we need such a slight modification for its apllication in
below.
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For a Poisson superalgebra A with a C∗-action, by a C∗-equivariant quantization
(A[[~]], ∗) we mean there is a C∗-action on A[[~]] such that the quotient map
A[[~]]→ A[[~]]/A[[~]]~ = A is C∗-equivariant.
Example 1.5.
(i) Let (v, ω) be a symplectic superspace. Denote by (A~(v), ∗) the C[[~]]-algebra
generated by basis v1, v2 . . . vn of v with commutating relations
vi ∗ vj − (−1)|vi||vj |vj ∗ vi = ω(vi, vj)~2
for all 1 ≤ i, j ≤ n. Taking ~ = 1, we obtain the Weyl algebra A(v) from
S[v][~] ⊂ A~(v). We have following isomorphism of C[[~]]-spaces
S[v][[~]] −→ A~(v) vi11 · · · vinn 7→ vi11 ∗ · · · ∗ vinn .
Under this identification, (A~(v), ∗) is a quantization of the Poisson algebra S[v].
(ii) For a Lie superalgebra g, the Poisson algebra S[g] has a standard quantization
(S[g][[~]], ∗), which is the quotient of the formal tensor algebra T (g)[[~]] modulo
the two sided ideal generated by
x⊗ y − (−1)|x||y|y ⊗ x = [x, y]~2
all the x, y ∈ g. Taking ~ = 1 we can recover the universal enveloping algebra U[g]
from S[g][~] ⊂ S[g][[~]].
Theorem 1.6 (super quantum equivariant DW (sqeDW) theorem). Let Aˆ, V be
as in Theorem 1.3 and (Aˆ[[~]], ∗) be a C∗-equivariant of Aˆ. Then there exist a
C∗-equivariant homomorphism of C[[~]]-algebras
Φ~ : A~(V )
∧0 ⊗C[[~]] Bˆ~ −→ Aˆ[[~]].
Where Bˆ~ is a quantization of Bˆ.
We identify S[[V ]] with a Poisson subalgebra of Aˆ in the proof of Theorem 1.3.
Under this identification the isomorphism φ isgiven by φ(a⊗b) = ab for all a, b ∈ Aˆ.
The isomorphism Φ~ is constructed by a similar way.
1.2. Finite W superalgebra via quantum DW Theorem. For a complex
reductive Lie algebra g and a nilpotent e in it, one has the finite W -algebra
U(g.e), see [Pr1] for the definition. In [WZ], [ZS1] the authors study the finite
W -superalgebras. Let us recall the definition of finite W -superalgebras in sense of
Premet. Let g = g0¯ + g1¯ be a basic Lie superalgebra with an even non-degenerate
super-symmetric invariant bilinear form( say Killing form ) (·, ·). Denote by U the
enveloping algebra of g. Let e ∈ g0¯ be a nilpotent element and χ ∈ g∗ be the
unique element with χ(X) = (e,X) for all X ∈ g. Since the Killing form is even,
we have χ(x) = 0 for all x ∈ g1¯. Let g =
⊕
i g(i) be a good Z-grading for e ( see
[Hoy] for the definition). The non-degeneracy of the Killing form implies that the
super symplectic form 〈, 〉 on g(−1) given by
〈x, y〉 = χ([x, y]) for all x, y ∈ g(−1)
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is also non-degenerate. Let p =
⊕
i≥0 g(i), choose a Lagrangian subspace (isotropic
subspace of maximal dimension ) l of g(−1) and set m = ⊕i≤−2 g(i)⊕l. Let g′ (resp
m′) be the subspace of U consist of {x − χ(x) | x ∈ g(resp.m′)}. Since χ(x) = 0
for all x ∈ g1¯, g′ (resp. m′) is a Z2-graded vector space. Denote by Iχ the left ideal
of U generated by all the elements in m′. Then the finite W- superalgebra U(g, e)
associate to the nilpotent element e is defined (c.f [ZS2], Definition 3.5) by
U(g, e) := (U/Iχ)
Iχ = {y ∈ U/Iχ | (a− χ(a))y ∈ Iχ for all a ∈ m }.
There are several different but equivalent definitions for the finiteW -algebras. In
[Lo1], the author constructed the finite W -algebra from the Fedosov quantization.
In Section 3, we generalizes this to the super cases(Theorem 3.9). We prove that
the finite W -superalgebra U(g, e) is isomorphic to the super DW slices Wχ(which
is simplified by W . We process by a similar ideal used in loc.cit. A difference in
our approach is that we use the explicit construction in the proof of Theorem 1.6
but not the theory of Fedosov quantization and invariant theory.
As an application of Theorem 3.9, we establish a relation between finite W-
algebra and W-superalgebras. For a Lie superalgebra g = g0¯ ⊕ g1¯, there is a
natural embedding U(g0) →֒ U(g) of the enveloping algebras. Almost all the
results on representations of Lie superalgebras rely on it. It is very useful to find
a similar story for finite W- superalgebras. Unfortunately, there is no canonical
embedding of U(g0¯, e) into U(g, e) for general e. In Subsection 4.1, the W-algebra
U(g0¯, e) is embedded into a larger associative algebra A‡ = (Cl)(V1¯)⊗U(g, e) (see
Theorem 4.1). This enables U(g0¯, e) to play a role in the representation theory of
U(g, e) same as g0¯ to the representations of g(this will appear in [SXZ]). We point
out that the associative algebra A‡ should coincides with A† in Subsection 6.3.2
[Lo4]. Thus Theorem 4.1 strengthens the claim from loc.cit saying that A† is a
Clifford algebra over U(g, e).
Let U∧m′ be the completion of U with respect to the fundamental system Um
′k
i.e. U∧m′ = lim←−U/(Um
′k). It follows from the definition of the good Z-grading
that dim([g, f ]1¯) is odd if and only if dim(g(−1)1¯) is odd. In this case there exist
a θ ∈ g(−1)1¯ with 〈θ, θ〉 = 1. Let m¯ be a maximal isotropic subspace of super
symplectic space [g, f ] with 〈θ, m¯〉 = 0 and V = V0¯ + V1¯ be the subspace m¯∗ ⊕ m¯.
Denote byA(V )∧m¯⊗W the completion ofA(V )⊗W with respect to the fundamental
system A(V )⊗W/(A(V )⊗W)m¯k. Using Theorem 3.9 we give following splitting
theorem.
Theorem 1.7. There exist an isomorphism
Φ : A(V )∧m¯ ⊗W ⋍ U∧m′
of associative algebras.
We give some applications of the above spliting theorem. Firstly we give a
proof to the super Skryabins equivalence (c.f Theorem 4.3) which was stated in
[ZS1]. Secondly we use it to study finite dimensional representation of U(g, e). In
some special case, the finite dimensional representations of U(g, e) were studied
in [BG],[PS1] and [ZS2]. Their result are relying on some explicit presentation of
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U(g, e) by generators and relations or Super-Yangian realization. In the present
work we study finite dimensional representation of U(g, e) for general e by a con-
ceptional approach in sense of Losev. Denote by id(A) the set of two sided ideals
of an associative algebra A. Following [Lo1] in the non-super case, we construct
two maps •† : id(U)→ id(U(g, e)) and •† : id(U)→ id(U(g, e)). Via this construc-
tion, Losev relates the representation theoretic objects of the U(g0¯) and U(g0¯, e).
Those objects include the prime (primitive) ideals, Harish-Chandra bimodules etc.
Based on such a relation, he classifies the finite dimensional modules for classical
W -algebra U(g, e) (c.f.[Lo1]). In the last section we construct a series of finite di-
mensional modules via the above correspondences(see Theorem 4.9). On the other
hand, we show that for any primitive ideal J ⊂ U supported on O, the pre-image
of J under the map •† is finite. Recall that Lezcter establishes a bijection between
primitive ideals of U(g0¯) and U (c.f [Le]). Thus we make a step forward to a
classification of the finite dimensional irreducible modules of W. In [SXZ] we will
give more concrete information on finite dimensional irreducible representation of
U(g, e) relying on the result of present work.
Acknowledgement
We thank Losev for the suggestion of realizing finite W-superalgebra via the DW
theorem. A part of the work was accomplished during the second author’s visit
to Northeastern University, he is grateful to Losev for stimulating discussions and
hospitality. We thank Yang Zeng for helpful discussions. The second author was
partially supported by NFS.China (Grant No.11801113).
2. Proofs of theorem 1.3 and 1.6
Let us recall the notion of Poisson bi-vector at first. Identify the cotangent space
of the formal super scheme Spec(Aˆ) at the close point χ with the super space v.
For a Poisson bracket {·, ·} on Aˆ, the poisson bi-vector Π ∈ ∧2 v associate to it is
given by
Π(df, dg) := {f, g}+Mχ ∈ C. (2.1)
If Π is non-degenerate, we say the Poisson bracket {−,−} is symplectic.
Assume that Aˆ is equipped with an even continuous Poisson bracket {·, ·}.
Lemma 2.1. (i) Suppose that f, g ∈ AˆMχ are even elements with {f, g} =
1+ t for some t ∈Mχ. Then there exist g′ ∈ AˆM2χ such that {f, g+g′} = 1.
(ii) Suppose that f, g ∈ AˆMχ are even elements with {f, g} = 1. Denote by
V1 the symplectic vector space spanned by f and g with sympectic form
ω1(f, g) = 1. Then we have following isomorphism of Poisson algebras
φ1 : S[[V1]]⊗ Bˆ1 → Aˆ; a⊗ b 7→ ab,
where Bˆ1 = ker(adf) ∩ ker(adg).
Before giving the proof we clarify the notations of deg(a), ada and ad(a). Fix
a Z2-homogenous basis x1, x2 . . . xN of v
′ = {x − χ(x) | x ∈ v} ⊂ S[v]. Recall
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the notations A = S[v], Aˆ = S[v0¯]
∧χ ⊗ ∧(v1¯). Let Mχ be the maximal ideal of
Aˆ generated by x1, x2 . . . xN . For a super monomial x
i1
1 · · ·xiNN ∈ A, its order is
defined by
∑N
k=1 ik. For a ∈ Aˆ, write a =
∑∞
i ai where ai is the sum of the
monomials with order i. The degree deg(a) of a is defined to be the minimal i
such that ai 6= 0. For any a ∈ Aˆ, by ada we mean the adjoint operator • 7→ {a, •}
on A; for an associative algebra (A, ◦) and a ∈ A, we denote by ad(a) the super
commutator operator • 7→ [a, •].
Now we are ready to prove Lemma 2.1.
Proof. (i) Suppose that deg(t) = r. By the notation o(t), we denote an element
with higher degree then t. Set
g1 = g +
r+1∑
i=1
(−1)i 1
i!
giadi−1f (t).
Since
{f, giadi−1f (t)} = igi−1adi−1f (t) + giadif(t) + o(t) for i = 1, 2, 3 . . . r,
we have {f, g1} = 1 + t1 for some t1 with deg(t1) > r. By the same procedure we
obtain gk, tk with deg(gk) > deg(gk−1), deg(tk) > deg(tk−1) and {f, gk} = 1+ tk for
all k = 2, 3, 4, . . .. Since deg(giadif (t)) ≥ deg(t), the series {gk}k=∞k=1 converges in Aˆ.
Set g′ = limk→∞ gk − g. It is easy to check that deg(g′) ≥ 2 and {f, g + g′} = 1.
Thus (i) follows.
For any a ∈ Aˆ observe that
a−
∞∑
0≤i+j
(−1)i+j 1
i!j!
gif jadif ◦ adjg(a) ∈ Bˆ1. (2.2)
Making same observation to all adif ◦ adjg(a)s in above, we can see that φ1 is
surjective. For
∑
i,j≥1 g
if j ⊗ ai,j ∈ ker(φ1) i.e∑
i,j≥0
gif j · ai,j = 0
acting both side by adkf ◦ adlg , we have al,k = 0. So φ1 is also injective. 
The following is the analogue of Lemma 2.1 for odd elements.
Lemma 2.2. (i) Suppose that there are odd elements f, g ∈ AˆMχ with {f, g} =
1+ t for some t ∈Mχ. Then there exist an odd h ∈ Aˆ such that {h, h} = 1.
(ii) For an odd h ∈ Aˆ with {h, h} = 1, we have following isomorphism
φ : Ch⊗ Bˆ1 −→ Aˆ; a⊗ b 7→ ab,
of Poisson algebras. Where Bˆ1 = ker adh.
Proof. (i) If either {f, f} or {g, g}, say {f, f} is invertible. We write {f, f} = 1+t1
for some t1 ∈ Mχ and set h = 1√1+t1 f ( here we interpret
√
1 + • as its Taylor
expansion about • in Aˆ ). In the other case (namely {f, f}, {g, g} ∈Mχ), we write
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{f + g, f + g} = 1 + t1 for some t1 ∈ Mχ and set h = 1√1+t1 (f + g). In the both
cases, we have {h, h} = 1.
For (ii) we only need to prove the homomorphism φ is bijective. Suppose f1 +
f2h = 0 where f1, f2 ∈ Bˆ1. Acting on both side by adh we have f2 = 0 and hence
f1 = 0. So the homomorphism φ is injective. On the other hand we have
{h, hf} = f − h{h, f} for all f ∈ Aˆ. (2.3)
It follows form the definition of even Poisson bracket that {h, hf}, {h, f} ∈ ker(adh).
So φ is surjective. 
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. We process by the induction to dim(V ) = (2n | m). Suppose
that m = 0. Fix a C∗-homogenous basis x1, x2 . . . xN of v′. Since the C∗-action
is even, those basis are also Z2-homogenous. By the definition of the Poisson
bi-vector, there exist even xi, xj with {xi, xj} = 1 + t for some t ∈ Mχ. This
implies that there are even homogenous f, g ∈ AˆMχ with {f, g} = 1 + t for some
t ∈ Mχ. We can do C∗-homogenously in the proof of Lemma 2.1 and obtain
new C∗-homogenous even element f, g with {f, g} = 1. By Lemma 2.1, we have
following C∗ -equivariant isomorphism of Poisson algebras
φ1 : S[[V1]]⊗ Bˆ1 → Aˆ; a⊗ b 7→ ab.
Thus we can complete the proof in this case by induction on dim(V ).
Suppose the theorem holds for all p < m. We may find odd C∗-homogenous
f, g ∈ AˆMχ such that {f, g} = 1 + t with t ∈ Mχ.
Case 1: Either {f, f} or {g, g} is invertible.
By the proof of Lemma 2.2 (case 1) we may find a C∗-homogenous odd h with
{h, h} = 1. Thus by Lemma 2.2 (ii), we have the following C∗ -equivariant isomor-
phism of Poisson algebras
φ1 : Ch⊗ Bˆ1 −→ Aˆ; a⊗ b 7→ ab.
Now the theorem follows by induction.
Case 2:{f, f}, {g, g} ∈Mχ.
We write
{f, g} = 1 + t, {s1, s1} = t1, {g, g} = t2 with t, t1, t2 ∈Mχ .
Set f1 = f − gt1/2. Then we have
{f1, g1} = 1 + t(1), {f1, f1} = 1 + t(1)1 , {g, g} = 1 + t2 with t(1), t(1)1 , t2 ∈Mχ.
It is straightforward to check that deg(t
(1)
1 ) > deg(t1). Construct fk, t
(k)
1 by some
the way for k = 2, 3, 4 . . .. Take f∞ = limk→∞ fk. We do the same procedure to
the initial pair (f∞, g) and set g∞ = limk→∞ gk. Now replace the f and g by f∞
and f∞ respectively. The new odd elements f, g are C∗-homogenous and satisfies
{f, g} = 1 + q, {f, f} = 0, {g, g} = 0 with q ∈ M0.
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By replacing f (resp g) by f√
1+q
(resp g√
1+q
) for i = 1, 2, we may assume that
q = 0 in the above equality. From the construction, we see that f and g are
C∗-homogenous. For h+ = f + g, h− = f − g, we have {h+, h+} = 1, {h−, h−} =
1, {h−, h+} = 0. Using Lemma 2.2 twice, we have C∗-equivariant isomorphism
φ : Bˆ1 ⊗
∧
(V1) −→ Aˆ; a⊗ b 7→ ab
of Poisson algebras. Here V1 = C〈h+, h−〉 = C〈f, g〉 and Bˆ1 = ker(adf) ∩ ker(adg).
Now we can complete the proof by induction. 
Remark 2.3. Specially if V = T∗χ(Spec(A))(= v), the theorem is called formal
Darboux theorem. Our proof still valid in case of smooth super manifolds and is
more direct and simpler then the one outlined in [Kos].
Proof of Theorem1.6.
We prove the theorem by induction on m. If m = 0, choose even C∗-homogenous
element f, g ∈ Mχ such that {f, g} = 1. We may write
[f, g] = ~2 + a2~
3 + o(~3),
where a2 ∈ Aˆ, o(~3) means some element in Aˆ[[~]]~4 and [f, g] is by definition the
super commutator f ∗ g − (−1)|f ||g|g ∗ f for f, g ∈ Aˆ. Set
g1 = g − (
∞∑
i=1
(−1)igiadi−1(f)(a2))~2.
We have
[f, g1] = ~
2 + a3~
4 + o(~4).
Define gk iteratively for k = 2, 3, . . . . Replacing g by lim−→ gk, we have[f, g] =
~2. By the similar argument in the proof of Lemma 2.1 (ii), we have following
isomorphism of quantum algebras
Φ1,~ : A
∧0
~
(V1)⊗ Bˆ1,~ → Aˆ[[~]]; a⊗ b 7→ ab, (2.4)
where V1 = C〈f, g〉 and Bˆ1,~ = ker(ad(f)) ∩ ker(ad(g)).
For any a ∈ Aˆ[[~]] we have
a−
∑
i,j
(−1)i+j 1
i!j!
f jgiad(f)iadj(g)(a)~−2(i+j) ∈ ker(ad(f)) ∩ ker(ad(g)) (2.5)
By applying some procedure to ad(f)iadj(g)(a) for all i, j ∈ N, we have that
Φ1,~ is surjective. By a similar argument as in Lemma (ii) 2.2, we can show that
Φ1,~ is injective. Thus in the case of m = 0, the proof is completed by induction
to n.
Now suppose m > 0.
Case 1: There exist an odd C∗-homogenous f such that {f, f} = 1 + t, with
t ∈Mχ. By Lemma 2.2 we may assume that {f, f} = 1 and have
[f, f ] = ~2 + a2~
3 + o(~3).
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Set f1 = f − 12f ∗ a2~. Since [f, [f, f ]] = 0, we have [f, a2] = 0. This implies
[f1, f1] = ~
2 + a3~
4 + o(~4).
Define fk for k = 2, 3, 4 . . . iteratively and replace f by lim−→ fk. For the new f ,
we have [f, f ] = ~2. By the same argument as in non-quantum case, we have the
following C∗-equivariant homomorphism of quantum algebras
Φ1,~ : Bˆ1,~ ⊗
∧
(Cf)[[~]] −→ Aˆ[[~]]; a⊗ b 7→ a ∗ b.
Here B¯1,~ = ker(ad(f)).
Case 2: Otherwise, by case 2 in the proof Theorem 1.3, we may find odd C∗-
homogenous f, g ∈ Aˆ with
{f, g} = 1, {f, f} = 0, {f, g} = 0
Using similar arguments in the proof Theorem 1.3 and the case 1, we may construct
new f, g ∈ Aˆ[[~]] such that
[f, g] = ~2, [f, f ] = 0, [g, g] = 0.
Thus we may construct a C∗-equivariant isomorphism of quantum algebras as case
2 in the proof of Theorem 1.3. The proof is completed by induction on dim(V ) =
(2n | m). 
Remark 2.4. For any a ∈ Aˆ, we can write down φ−1(a) explicitly by (2.2) and
(2.3). The isomorphism Φ−1
~
can be presented similarly.
3. Realization of W-algebra via eqDW theorem
In the next two subsections we recall the results from [Lo1] on the Rees algebra
of the filtered associative algebras and completion of U. Although those results are
given in non-super cases, they are still valid in the super cases.
3.1. Rees algebras. Let A be an associative algebra with an increasing filtration
FiA, i ∈ Z such that
⋃
i∈Z FiA = A,
⋂
i∈Z FiA = 0. Let R~(A) =
⊕
i∈Z FiA~
i and
view it as a subalgebra of A[~, ~−1]. The algebra R~(A) is called Rees algebra of
A. For an ideal I ∈ A, define R~(I) =
⊕
i∈Z(I ∩ FiA)~i.
Definition 3.1 ([Lo1], Definition 3.2.1). An ideal I in C[~]-algebra B is called
~-saturated if I = ~−1I ∩ B.
Proposition 3.2 ([Lo1], Proposition 3.2.2). The map I 7→ R~(I) establishes a
bijection between the set id(A) and the set of ~-saturated ideals of R~(A).
Let v = v0¯ + v1¯ be a super-space with a C
∗-action. Suppose that there is a
Poisson bracket {, } on Aˆ = S[[v]] and k ∈ K with {t · f, t · g} = tk{f, g} for all
f, g ∈ Aˆ. Let (Aˆ~ = S[[v, ~]], ∗) be a C∗-equivariant quantization of Aˆ. Assume
that A~ = S[v, ~] form a subalgebra of quantum algebra S[[v, ~]], i.e A~ is closed
under the product ∗.
10 BIN SHU, HUSILENG XIAO
For f, g ∈ Aˆ write
f ∗ g =
∑
i
Di(f, g)~
i,
where Di : Aˆ ⊗ Aˆ → Aˆ is a linear operator determined by the product ∗ in the
quantum algebra Aˆ[[~]].
There is a product ◦ on Aˆ given by
f ◦ g =
∑
i
Di(f, g). (3.1)
We denote by Aˆ the algebra from it. Let A ⊂ Aˆ be the subalgebra from A.
There is an action of C∗ on the Rees algebra R~(A) by
t · ai~i = tiai~i (3.2)
for all ai~
i ∈ Fi(A)~i and t ∈ C∗.
Take I ∈ id(A) and set I = gr(I). Let I~ be the closure of R~(I) with respect to
the M0,~-adic topology on Aˆ~.
Proposition 3.3 ([Lo1], Proposition 3.2.10). (1) The ideal I~ is ~-saturated.
(2) The classical part of I~ coincides with the closure Iˆ of I in Aˆ. Here the
classical part of an ideal of Aˆ~ means its image under the projection Aˆ~ → Aˆ
from specializing ~ to 0.
(3) Suppose that the grading on v from the C∗-action is positive. Let I~ be
a closed ~-saturated, C∗-stable ideal of R~(A), then there exist an unique
I ∈ id(A) such that I~ ∩ A[~] = R~(I).
3.2. Completions of U. Let U be the universal envolping algebra of the Lie
superalgebra g. Let g = ⊕ig(i) be the good Z-grading in Subsection 1.2. The
Kazdan action of C∗ on g is given by t · y = ti+2y for all t ∈ C∗ and y ∈ g(i). Since
χ ∈ g∗ is an element of degree −2, χ is a fixed point of the induced C∗-action on
g∗. Extend the Kazdan action to U canonically.
Let A~ = U[~](see Example 1.5 for the definition), A = S[g] and π : A~ → A be
the algebra homomorphism given by taking ~ = 0. Let Mχ be the maximal ideal
of A = S[g] corresponding to the point χ ∈ g∗¯0 and A∧χ be the completion of A
respect to the ideal Mχ. Set
(A~)
∧χ = lim
←
A~/M
n
χ,~.
Where Mχ,~ is the two-sided ideal of A~ generated by π
−1(Mχ). We extent the
Kazadan action on A to (A~)
∧χ by t · ~ = t~. It is easy to check that (A~)∧χ is
a C∗-equivariant quantization of the Poisson algebra A∧χ. We simplify A∧χ by Aˆ
and A
∧χ
~
by Aˆ~.
Choose a homogenous ( with respect to the Kazadan action) basis
v±1, v±2, . . . , v±n, v2n+1, . . . , v2n+m
of g′ such that v1, v2, . . . vn ( resp v−1, v−2, . . . v−n) form a basis of m′ ( resp (m′)∗),
v2n+1, . . . , v2n+m form a basis of g˜
′
e( see (3.5) for the definition of g˜e ) and ω(vi, vj) =
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δi,−j. Denote by A♥ the subalgebra of Aˆ consisting of elements
∑
i<n fi where fi
is a homogenous power series with degree i(with respect to the Kazdan grading).
Let I♥(k) be the ideal of A♥ consisting of all the a such that any monomial in a
has the form vi1 ◦ · · · ◦ vil with vil−k+1 ∈ m′.
For an associative algebra A with C∗-action, by AC∗−fin we mean the C∗-local
finite part of A, i.e the sum of all finite dimensional C∗-stable subspace A ⊂ A.
Lemma 3.4. (i) The map
A[~]→ A[~, ~−1];
∑
i,j
fi~
j 7→
∑
i,j
fi~
i+j
is a C∗-equivariant monomorphism of C[~]-algebras. Its image coincides
with R~(A).
(ii) The map
S[[g, ~]]C∗−fin → A♥[~, ~−1];
∑
i,j
fi~
j 7→
∑
i,j
fi~
i+j
is a C∗-equivariant monomorphism of C[~]-algebras. Its image coincides
with R~(A
♥).
Here fi is a C
∗-homogenous element in A with t · fi = tifi for all t ∈ C∗. The
C∗-action on the images of the above two maps are give by (3.2).
Lemma 3.5. Let m˜ be a subspace in A♥, which has a basis in the form of vi+ui, i =
1, · · ·m, with ui ∈ Fdi(A♥) ∪ g′2A♥. Then A♥m˜ ∈ I♥(1) and for any k ∈ N there
is l ∈ N such that A♥m˜l ∈ I♥(k).
Lemma 3.6. For the universal algebra U ⊂ A♥, the systems Um′k and I(k) :=
I♥(k)∩U are compatible i.e, for any k ∈ N there exist k1, k2 such that I(k1) ⊂ Am′k,
Am′k2 ⊂ I(k).
The above mentioned three lemmas are super versions of Lemma 3.2.5, 3.2.8
and 3.2.9 in [Lo1]. We omit the proofs of them, which are exactly same as in the
non-super case.
3.3. Construction of W. Recall that the Poisson bivector Π on the closed point
of Spec(Aˆ) is given by (x, y) 7→ χ([x, y]) for all x, y ∈ g. It is easy to check that
Π is non-degenerate on [g, f ] ⊂ T∗χ(Spec(Aˆ)). Hence Π is also non-degenerate on
V = m¯⊕ m¯∗. We have following isomorphism
Φ~ : A
∧0
~
(V )⊗ˆC[[~]]Bˆ~ → Aˆ~ (3.3)
of quantum algebras from the seqDW theorem. Set
Wχ =
(Bˆ~)C∗−fin
(~− 1)(Bˆ~)C∗−fin
. (3.4)
From now on, we simplifyWχ byW. We will show thatWχ is isomorphic to the W-
superalgebra U(g.e) . Let us discuss the relation between Wχ and the transverse
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slice of super nilpotent orbit G · χ before doing that. Set
g˜e =
{
ge if dim(g(−1)1¯) is even;
ge + Cθ if dim(g(−1)1¯) is odd .
(3.5)
Since there is a C∗-stable decomposition g = V ⊕ g˜e with respect to the Kazdan
action, we have Bˆ~ = S[[g˜e, ~]] as super vector spaces. Since all C
∗-homogenous
elements in g˜e has positive Kazdan grading, we have (Bˆ~)C∗−fin = S[g˜e, ~] as su-
per vector spaces. The product ∗ on (Bˆ~)C∗−fin gives S[g˜e, ~] a quantum algebra
structure. Thus it is clear from the construction that Wχ is a filtered algebra with
gr(Wχ) = S[g˜e]. This is a PBW theorem for Wχ(compare with theorem 0.1 in
[ZS1]). This provides S[g˜e] an even Poisson bracket(c.f §1.3 [CG]). The associative
algebra Wχ is a filtered quantization of Wχ of the Poisson algebra S[g˜e].
Remark 3.7. In the case of dim(g(−1)1¯) is even, we saw that W is a filtered quan-
tization of transverse slices of the super nilpotent orbit Oχ. When dim(g(−1)1¯) is
odd, to construct a quantization of the transverse slices we may replace the La-
grangian l in the definition of U(g.e) by l˜ = l ⊕ Cθ, where θ ∈ dim(g(−1)1¯),
〈l, θ〉 = 0 and 〈θ, θ〉 = 1. In this case, we obtain the generalized finite W-
superalgebra U˜(g.e) studied in [ZS3]. All the statements in the present paper
still hold for the generalized finite W-superalgebras.
Lemma 3.8. Let vi,i = ±1,±2, . . . ,±n be a basis of the symplectic space V ⊂ g′
with 〈vi, vj〉 = δi,j. Then vi − Φ−1~ (vi) ∈ Fdi(Aˆ~) ∩ g′2Aˆ~ for i = ±1,±2, . . . ,±n.
We also have Φ−1
~
(x)− x ∈ V Aˆ~ for all x ∈ g′.
Proof. Note that [v1, v−1] = ~2 + g′Aˆ~. We can modify v1, v−1 as in the proof of
Theorem 1.6 and obtain new element v¯1,v¯−1 with [v¯1, v¯−1] = ~2 and v¯i = vi+ui for
some ui ∈ g′2Aˆ~ for i = 1,−1. By Theorem 1.6 we have isomorphism
Φ1,~ :
{
S[[V1]][[~]]⊗ Bˆ1[[~]] −→ Aˆ~, if v1 ∈ g′¯0;∧
(V1)[[~]]⊗ Bˆ1[[~]] −→ Aˆ~ if v1 ∈ g1¯
of quantum algebras. Here V1 = C〈v¯1, v¯−1〉, Bˆ1[[~]] = ker(ad(v¯1)) ∩ ker(ad(v¯−1)).
By the arguments in the proof of Theorem 1.6, there exist u
(1)
i ∈ g′2Aˆ~ such that
u
(1)
i + vi ∈ Bˆ1[[~]] for i = ±2, . . .± n. It is easy to check that [u(1)i + vi, u(1)j + vj ]−
δi,−j~2 ∈ g′Aˆ~. Now we can accomplish the proof of first statement by induction.
The second statement can be observed form the construction of isomorphism Φ~(
see Remark2.4). 
Denote by Aˆ1 the associative algebra from the quantum algebra A
∧0
~
(V )⊗ˆC[[~]]Bˆ~
as in the equation(3.1). Construct A♥1 by the same way as A
♥. Let m¯ be the
Lagrangian subspace of V spanned by v−1 . . . v−n. Construct I
♥
1 (k) from m¯ similarly
as I♥(k) from m′.
Theorem 3.9. W is isomorphic to U(g, e) as associative algebras.
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The proof of the above theorem is basically some as the non-super case in [Lo1].
We recall it for readers convenience.
Proof. By Lemma 3.4 we have following isomorphisms
(Aˆ~)C∗−fin = R~(A♥);
∑
i
fi~
j 7→ fi~i+j
and
(A∧0
~
(V )⊗ˆC[[~]]Bˆ~)C∗−fin = R~(A♥1 );
∑
i
fi~
j 7→ fi~i+j
of C[~] algebras. Thus by restricting Φ~ to the C
∗-local finite part of Aˆ~, we obtain
an isomorphism Φ♥
~
: R~(A
♥
1 )→ R~(A♥) of C[~]-algebras.
Taking ~ = 1, we have a C∗-equivariant isomorphism Φ♥ : A♥ → A♥1 of algebras
(w.r.t “◦”). Lemma 3.5 and 3.8 implies Φ♥(I♥1 ) ⊂ I♥ and (Φ♥)−1(I♥) ⊂ I♥1 , hence
Φ(I♥1 ) = I
♥.
Since all the homogenous element in g′ with negative degree are contained in m′,
any a¯ ∈ (A♥/I)I has unique representative a which is finite sum of monomials in
the form of
ai1...ilvi1 ◦ · · · ◦ vil
with gr(vik) = dik > 0 for all k = 1, 2, . . . l. This implies U(g, e) = (A
♥/I)I.
Thus finally we have
U(g, e) = (A♥/I)I = (A♥1 /I1)
I1 = W

Proof of Theorem 1.7. By Lemma 3.6 and the proof of the Theorem 3.9 the
systems, Φ♥(A(V ) ⊗ W/(A(V ) ⊗ W)m¯k) and Um′k are compatible. Thus the
morphism Φ♥ can be extended to an isomorphism
Φ : A(V )∧m¯ ⊗W = U∧m′
of topological algebras. 
4. Applications
4.1. A relation between finite W-superalgebra and W-algebra. Let g =
g0¯⊕g1¯ be a Lie superalgebra of type I and e ∈ g0¯ be a nilpotent. The construction
of W in the present paper is inspired by its following non-super counterpart given
in [Lo2].
Let Aˆ0,~ = S[g0¯]
∧χ
~
be the C∗-equivariant quantization of Aˆ0 = S[g0¯]∧χ con-
structed by the same way as in subsection §3.2. Restriction of the Poisson bivector
on V0¯ = T
∗(G0¯ · χ) is non-degenerate. By the eqDW theorem we have a C∗-
equivariant isomorphism
Φ0,~ : Aˆ0,~ → S[[V0¯]]~ ⊗ Bˆ0,~.
of quantum algebras.
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The notations in the above isomorphism have same meaning as in the previous
sections. Now set
W0 =
(Bˆ0,~)C∗−fin
(~− 1)(Bˆ0,~)C∗−fin
.
By a same argument in the proof of Theorem 3.9, we have W0 is isomorphic
to the finite W-algebra U(g0¯, e). The above fact is first proved in [Lo2] relying
on the main result of [Lo1], which is based on Fedosov quantization and algebraic
invariant theory. Those theories are not necessary in the present paper.
By applying eqDW theorem to Aˆ~ = S[g]
∧χ and V0¯, we have an isomorphism
Aˆ~ → S[[V0¯]]~ ⊗ Cˆ~
of quantum algebras.
Denote by
A‡ =
(Cˆ~)C∗−fin
(Cˆ~)C∗−fin(~− 1)
.
The following theorem relates the finite W-algebras and W-superalgebras.
Theorem 4.1. (i) We have an embedding W0 →֒ A‡.
(ii) There exist an isomorphism
Ψ : Cl(V1¯)⊗W −→ A‡
of associative superalgebras. Where V1¯ is the odd part of V = m¯ ⊕ m¯∗,
Cl(V1¯) is the Clifford algebra from (V1¯, χ([·, ·])).
Proof. (i) Let v1, v−1, . . . , vl, v−l (resp vl+1, v−l−1, . . . , vn, v−n) be a basis of V0¯( resp
V1¯) with ω(vi, vj) = δi,−j . We construct v¯1, v¯−1, . . . , v¯n, v¯−n as in the proof of
Lemma 3.8 by the indicated order. Since we have v¯i ∈ Aˆ0,~ for all i = ±1, . . . ,±l,
both of Φ~ and Φ0,~ may be given by those v¯is as in Remark 2.4. Thus we have
(i). Since v¯i ∈ Cˆ~ for all i = ±(l + 1), . . . ,±n, we have following isomorphism
Ψ~ : Cl(V1¯)~ ⊗ Bˆ~ −→ Cˆ~
of quantum algebras by a similar argument as in the proof of Theorem 1.6. Now
the statement (ii) follows from by taking C∗-local finite part and specializing ~ to
1. 
Remark 4.2. The (ii) Theorem4.1 provide a bijection between the sets of finite
dimensional irreducible modules of A‡ and W. For some special e ∈ g, we will give
a classification of Irrfin(W) by using such a correspondence in a forthcoming work
[SXZ].
4.2. Skryabins equivalence. We say that an U-module is Whittaker if x acts
local nilpotently on M for all x ∈ m′. For Qχ = U/Um′, we have following func-
tors between the category C of Whittaker U-modules and the category of U(g, e)-
modules.
•m′ : C −→ U(g, e)−mod;M 7→Mm′ ,
S(•) : U(g, e)−mod −→ C;N 7→ S(N) := Qχ ⊗N.
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Theorem 4.3. The functors given above are a pair of qusi-inverse euquivalence.
This theorem was first stated in [ZS1]. Following [Lo1] we give a proof to it by
using the Poisson realization given above.
Proof. Let M be a Whittaker g module. Since m′ acts local nilpotently on M , we
can view M as a continuous U∧m′- module. Thus we can view M as an AV (W)-
module via the isomorphism Φ. Now we have
Mm
′
= MI = MΦ
−1(I) =MI1 = M m¯. (4.1)
Here I (respI1 ) is the closure of I (resp I1) in U
∧
m (respAV (W)).
By Lemma 2.1 and its proof we have following AV (W)-module isomorphism
S(m¯∗)⊗M m¯ −→M ; (4.2)
x⊗m 7→ x ·m for x ∈ S(m¯∗) and m ∈M .
It is clear that Qχ = U/Um
′ = U∧/UI1. Hence by (4.1) we have W = Qm¯χ . Thus
the isomorphism (4.2) implies Qχ = S(m¯
∗)⊗Qm¯χ = S(m¯∗)⊗W.
Finally we have
S(Mm
′
) = Qχ ⊗W M m¯ = S(m¯∗)⊗W⊗W M m¯ =M
(Qχ ⊗N)m′ = (S(m¯∗)⊗W⊗W ⊗N)m¯ = N

For an associative algebra A and an A-module M , denote by GKA(M) the
Gelfand-Kirillov dimension of M . The following theorem gives the behavior of GK
dimension under the Skryabins equivelance.
Lemma 4.4. For any W-module N , we have
GKU(g0¯)(S(N)) = GKU(S(N)) = GKW(N) + dim(m
′¯
0).
Proof. let A,A1 has the same meaning as in Subsection §3.3. Let A0ˆ be the subal-
gebra of A generated by g0¯. Choose a finite dimensional subspace M0 generating
A
♥
0ˆ
module S(M). Then the lemma follows from the simple fact
lim
n→∞
ln dim((FnA)M0)
lnn
= lim
n→∞
ln dim(Fn(A0ˆ)M0)
lnn
combined with the argument in the proof of proposition 3.3.5 [Lo1]. 
4.3. Map •† and •†. An ideal I ⊂ A is said to be primitive if it is the annihilator
of an irreducible A module. The set of primitive ideals of A is denoted by Prim(A).
Obviously Prim(A) ⊂ id(A). Let Primcofin(A) be the set of primitive ideals of A
with finite codimension. It is well known that there is a bijection between the set
of finite dimensional of irreducible A modules and Primcofin(A).
In this section we establish correspondences •† and •† between id(W) and id(U)
following Losev in the non-super case. Then we study the finite dimensional irre-
ducible representations of W by them.
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From now on, we simplify A(V )∧m¯ ⊗W by A(W). Following [Lo1], we construct
a map id(W) → id(U); I 7→ I† as follows. For I ∈ id(W) define an ideal of A(W)
by
A(I)∧ = lim
←
(A(W)(I) +A(W)m¯k)/A(W)m¯k.
Set I† = U ∩ Φ(A(I)∧). Now we have following properties of the map •†.
Theorem 4.5. (i) (I1 ∩ I2)† = I†1 ∩ I†2, for all I1, I2 ∈ id(W).
(ii) For any W-module N , Ann(N)† = Ann(S(N)).
(iii) ι(I† ∩Z(g)) = I∩ ι(Z(g)). Here Z(g) is the center of U and ι is the natural
inclusion Z(g) →֒W.
(iv) The ideal I† is prime provided I is prime. The ideal I† is primitive if I is
prime with
codimZ(W)(Z(W) ∩ I) = 1.
Proof. We only prove the second statement of (iv). The proofs of the remaining
statements are exactly same as those of Theorem 1.2.2[Lo1]. For a prime ideal I ⊂
W with codimZ(W)(Z(W)∩ I) = 1, statement (iii) implies codimZ(g)(I† ∩Z(g)) = 1.
Since we are assuming g is of type I , we can prove by the similar argument as in
[[Jan],Proposition 7.3] that any prime ideal J ⊂ U with codimZ(g)(Z(U)∩ J) = 1 is
primitive. 
The following is another description of the map •†.
Proposition 4.6. We have R~(I
†) = R~(U) ∩ Φ−1~ (S[[V, ~]] ⊗ I¯~). For a given
I ∈ id(W), I† is uniquely determined by the above property.
We omit the proof of proposition, which may be given by the same argument as
in proof of proposition 3.4.1 [Lo1].
Our another main tool, a map •† : id(U) 7→ id(W) is defined as follows. For an
ideal I ∈ id, denote by I¯~ the closure of R~(I) in S[g]∧χ~ . Define I† to be the unique
(by Lemma 3.3(3)) ideal in W such that
R~(I†) = Φ−1~ (I¯~) ∩R~(W)
Proposition 4.7. For any I ∈ id(W) and J ∈ id(U) we have I ⊃ (I†)† and
J ⊂ (J†)†.
Proof. We have
R~((I
†)†) = Φ−1~ (R~(I†)) ∩R~(W)
= Φ−1
~
(Φ~(S[[V, ~]]⊗R~(I)) ∩R~(U)) ∩R~(W)
⊂ (S[[V, ~]]⊗R~(I)) ∩R~(W)
= R~(I) ∩R~(W)
= R~(I).
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Here the first equation follows from Proposition 4.6 and the last one follows
Theorem 3.3(3). Hence we have (I†)† ⊂ I.
R~((J†)†) = Φ−1~ (S[[V, ~]]⊗R~(J†)) ∩R~(U)
= Φ−1
~
(S[[V, ~]]⊗ (Φ~(R~(J) ∩ S[[S, ~]]) ∩R~(U)
= R~(J) ∩R~(U)
⊃ R~(J).
Here the third equation follows from the forthcoming fact (4.3). Thus we have
J ⊂ (J†)†.

Denote by S = S0¯ + S¯ be the superspace Spec(S[g˜e]).
Proposition 4.8. The isomorphism Φ induces an isomorphism between gr(J†) and
(gr(J)+I(S))/I(S)), where I(S) is the two-sided ideal of S[g] generated by V . Here
“gr” means the associated grading to the Kazadan filtration.
Proof. The two sided ~-saturated ideal Φ~(J¯~) is stable to the adjoint action of
S[V, ~]∧χ. From the proof of Theorem 1.6 we have
Φ−1
~
(J¯~) = S[[V, ~]]⊗ (S[g˜e, ~]∧χ ∩ Φ−1~ (J¯~)). (4.3)
Let I∧, Φ−1
~
((J¯~))
∧ and I(S)∧ be the classical part of R~(I†),R~(Φ
−1
~
(I¯~)) and
I(S) respectively.
The equation (4.3) and the second statement of Lemma 3.8 implies
I∧ ≃ (Φ−1
~
(J¯~))
∧ + I(S)∧)/I(S)∧.
Since gr(I†) is dense in I∧, by the second statement of Lemma 3.8 and the third
statement of Proposition 3.3 we have
gr(I†) ≃ (gr(J) + I(S))/I(S).

4.4. Finite dimensional representations of U(g, e). In this subsection we con-
struct a series of finite dimensional U(g, e) modules. On the other direction, we
prove that such a construction exhausts all the finite dimensional irreducible rep-
resentations of W.
Let v = v0¯ + v1¯ be a superspace and A be a filtered associative algebra with
gr(A) = S[v]. For a two sided ideal J ⊂ A, we denote by V(J) the maximal
spectrum of S[v0¯]/gr(J ∩ S[v0¯]). For an A module M with annihilator J, the
associated variety AV(M) of M is defined to be V(J). The set of the primitive
ideals J ⊂ U with V(J) = G0¯ · χ is denoted by PrimO(U).
Theorem 4.9. For any J ∈ PrimO(U), the composition factors of W/J† are finite
dimensional irreducible W-modules. In particular, the finite W-superalgebra W has
finite dimensional representations.
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Proof. By Proposition 4.8 we have gr(J†) = (gr(J) + I(S))/I(S). Hence
gr(J†) ∩ C[S0¯] = (gr(J) ∩ S[g0¯] + I(S) ∩ S[g0¯])/I(S) ∩ S[g0¯]. (4.4)
This implies
V(gr(J†)) = S0¯ ∩ O = χ.
Thus J† has finite codimension inW, henceW/J† is a finite dimensional W module.

Theorem 4.10. For any I ∈ Primcofin(W), we have I† ∈ PrimOU; For any J ∈
PrimOU, there are finitely many I ∈ Primcofin(W) with J = I†.
Proof. Suppose that I ∈ PrimcofinW is the annihilator of an irreducible W module
M . By Theorem 4.5 (ii), we have I† = Ann(S(M)). Since S(M) is a Whittaker
module for the pair (g0¯, e), we have G0¯ · χ ⊂ V(I†) by [Pr2] Theorem 3.1.
Since the associated variety of any irreducible U(g0¯) module is the closure of a
nilpotent orbit, there exist an irreducible sub-quotientM † of S(M) withAV(M †) =
V(I†). For the annihilator I†0 ⊂ U(g0¯) of M †, we have dim(V (I†0)) ≤ 2GKUg0¯(M †)
by [Jan] 10.7. We also have GKU(g0¯)(M
†) ≤ GKU(g0¯)(S(M)) by [Mus] Lemma7.3.3(a).
Since GKUg0¯(S(M)) = dim(m0¯) = dim(G0¯ · χ)/2 ( the first equality follows from
Lemma 4.4 ), we have dim(V (I†)) ≤ dim(G0¯ ·χ). Thus the first statement follows.
Suppose J = I† for some I ∈ PrimcofinW. By Proposition 4.7, we have I ⊃ J†.
By the proof of Theorem 4.9, J† has finite codimension in W. Thus any prime ideal
containing J† is minimal. So by Proposition 3.1.10 [Dix] the number of primitive
ideals I ∈ PrimcofinW with J = I† is finite. 
Finally we summarize our results on Irrfin(W) in this section. For g = g0¯ ⊕ g1¯
Lie superalgebra of type I, Theorem 4.10 provides us a map
Primcofin(W)→ PrimOU; I 7→ I†
with finite fiber. For the universal algebra U of g, Lezter established a bijection
ν : Prim(U) −→ Prim(U(g0¯)).
We refer the construction of ν to §3.3 [Le] or §15.2.2[Mus]. It can be easily deduced
from the construction that ν(I) is supported on G0¯ ·χ if and only if V(I) = G0¯ · χ.
Thus we make a step forward to a description of the set Irrfin(W).
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